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We investigate some homological properties of graded algebras. If A is an
R-algebra, then E(A) := Ext4 (R, R) is an R-algebra under the cup product and
is called the Yoneda algebra. (In most cases, we assume R is a field.) A
well-known and widely-studied condition on E(A) is the Koszul property. We
study a class of deformations of Koszul algebras that arises from the study of
equivariant cohomology and algebraic groups and show that under certain
circumstances these deformations are Poincaré-Birkhoff-Witt deformations.

Some of our results involve the K, property, recently introduced by
Cassidy and Shelton, which is a generalization of the Koszul property. While a
Koszul algebra must be quadratic, a K, algebra may have its ideal of relations
generated in different degrees. We study the structure of the Yoneda algebra
corresponding to a monomial K, algebra and provide an example of a monomial
IC, algebra whose Yoneda algebra is not also ;. This example illustrates the
difficulty of finding a K, analogue of the classical theory of Koszul duality.

It is well-known that Poincaré-Birkhoff-Witt algebras are Koszul. We find

a Ky analogue of this theory. If V is a finite-dimensional vector space with an
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ordered basis, and A := T(V)/I is a connected-graded algebra, we can place a
filtration F on A as well as E(A). We show there is a bigraded algebra
embedding A : grf E(A) — E(grf A). If I has a Grobner basis meeting certain
conditions and grf A is K, then A can be used to show that A is also K,.
This dissertation contains both previously published and co-authored

materials.
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CHAPTER 1

INTRODUCTION

This dissertation will explore some homological properties of graded
algebras. Homological algebra is a powerful tool used in many areas of
mathematics, and noncommutative algebra is no exception. A deep and
beautiful homological condition is Koszulity. We also explore a generalization of
the Koszul property, known as the K, property.

Chapters [l and [T present previously-known results. In Chapter [, we
introduce Yoneda algebras and coalgebras, which are algebras formed from
cohomology and homology, respectively. We introduce the Koszul and K5
properties, as well as describe the theory of Poincaré-Birkhoff-Witt algebras.

Given a connected-graded algebra A, we can study a related algebra
E(A), which is defined cohomologically. If E(A) satisfies certain conditions,
then A is said to be Koszul. The strength of the Koszul condition is seen from
the fact that there are any number of equivalent definitions given in very
different forms, such as (1) how E(A) is generated, (2) homological purity, (3)
distributive lattices, and (4) canonical resolutions.

While not explicitly stated in the definition, it follows that Koszul
algebras must be quadratic. There have been several attempts to formulate a

more general condition which admits nonquadratic graded algebras. One such



is the K’ condition, introduced by Cassidy and Shelton [9]. Unlike those in the
class of n-Koszul algebras introduced by Berger [2], K, algebras can have
relations generated in more than one degree. For example, while a commutative
algebra with cubic relations has no hope of being 3-Koszul (because the
commutativity relations are quadratic), such algebras could be K,. This suggests
we could explore Ky-ness as a geometric property. For example, all complete
intersections are /C5.

Suppose V is a finite-dimensional vector space and let T(V') denote the
tensor algebra on V. If A := T(V)/I is a quadratic algebra and I has a
particularly nice Grobner basis, with respect to some ordered basis for V, then A
is said to be a PBW algebra. Priddy proved in [19] that PBW algebras are Koszul.

Chapter [llI| describes the theory of Poincaré-Birkhoff-Witt deformations,
which are so named because of the motivating example provided by the PBW
theorem from representation theory. We devote most of Chapter [IIIj to describing
a homological technique, introduced by Cassidy and Shelton [8], for
determining when a deformation is PBW. This technique can also be used to
determine the regularity of a central element of a noncommutative algebra.

Chapters[[V} [V] and [VI present new results. In Chapter [[V] we define a
deformation that arose in the study of some algebras related to representation
theory and algebraic geometry, and show that it is PBW. In [5]], the notion of
Goresky—MacPherson duality is introduced, and the main result of Chapter [V|is
a stepping stone to the development of GM duality. GM duality has been
observed in some examples, such as the equivariant cohomology associated to
certain algebraic group actions on algebraic varieties.

If A is a Koszul algebra, E(A) is quadratic and its structure is easily

described. Furthermore, A ~ E(E(A)). (This relationship is known as Koszul



duality.) Finding a K»-analogue of Koszul duality remains of interest. The
results in Chapter|V]are in pursuit of this goal. In that chaper, we consider
(noncommutative) monomial algebras. We provide some more structural results
for the Yoneda algebra associated to a monomial algebra. Specifically, we show
that if A is a monomial K, algebra, we can choose generators of E(A) so that the
defining relations of E(A) are monomial and binomial. At the of the chapter, we
exhibit a monomial K, algebra whose Yoneda algebra is not K, (in an
appropriately generalized sense). This illustrates the difficulty of finding a
generalization of Koszul duality to the X, world.

In Chapter [V, we provide a K, generalization of the theory of PBW
algebras. An ordered basis on V induces a filtration F on A. A quadratic algebra
A :=T(V)/Iis PBW if and only if the associated graded algebra grf A is a
quadratic algebra. More generally, if A := T(V)/I is any connected-graded
algebra, there is also a filtration (which we will also denote F) on E(A), and a

bigraded algebra embedding

A:grf E(A) — E(grf A).

We prove that if A is surjective and grf A is K, A is K as well. In fact, the PBW
condition on a quadratic algebra is equivalent to requiring that A be surjective in
the first two cohomological degrees (which is enough to conclude the overall
surjectivity of A). We find analogous characterizations of the surjectivity of A,
also involving Grobner bases, in the K, case. This provides another technique to
prove that algebras are K,.

In order to prove the results in Chapter [VI, we generalize the definition of

Ky and E(A) for augmented algebras: that is, K-algebras A with an ideal A,



with dim A/ A, = 1. We show the existence of A in this context. This more
general theory allows one to consider these homological properties under
gradings by other monoids than IN.

The generalization to the augmented case is interesting in its own right.
Since every point in an algebraic variety naturally gives rise to such an
augmented algebra, it might be interesting to study these homological
properties from a geometric perspective.

Chapters[[V]and [V|contain material which was co-authored. Chapters
and |V] contain previously published material.



CHAPTER I

THE YONEDA ALGEBRA AND COALGEBRA

II.1 Introduction

We begin our study of homological conditions on a graded algebra with
Koszulity. Koszul algebras were first introduced by Priddy in 1970 to study the
Steenrod algebra and the universal enveloping algebra of a Lie algebra.[19] Later,
Koszul algebras attracted the interest of those studying noncommutative
algebraic geometry because some of the Artin—Schelter regular algebras
(introduced in 1988 [1]) are Koszul.

Koszul algebras must always be quadratic. There have been some
attempts to generalize Koszulity to connected-graded algebras with
non-quadratic relations. Hoping to capture more of the Artin—-Schelter regular
algebras, Berger introduced N-Koszul algberas in 2001 [2]. These algebras are
N-homogeneous—that is, their ideal of relations may be generated by degree-N
homogeneous elements. (The 2-Koszul algebras are exactly the Koszul algebras.
The term N-Koszul as used by Berger is different than the sense of the term seen
in [18].) Motivated by problems of deformation theory (see Chapter ), Cassidy
and Shelton introduced K, algebras in 2007 [8], and explored their properties in
depth in [9]. This class of algebras contains all the N-Koszul algebras and the

Koszul algebras, but also admits algebras whose ideals of relations are generated



by homogeneous elements in different degrees.

II.2 Augmented Algebras

Throughout, K will be a field, and for a K-vector space V, we use T (V) to
denote the tensor algebra of V over K. If R is a semisimple K-algebra and V is
an R-bimodule, then T (V') will be the tensor algebra of V over R. We will

usually study (R-)augmented algebras, which we define as follows:

Definition I1.2.1. An R-algbera is R-augmented if there is an ideal A C A such
that A= A4 & R -1 as an R-module.

If A is R-augmented, we regard 4R as the A-module A/A.

We will consider both ungraded and graded versions of some standard
functors from homological algebra, but in many of the cases we consider, the
two versions will coincide. If a K-algebra A is graded by a monoid M with
identity element e, hom 4 (M, N) is the module of degree-preserving A-linear

homomorphisms, M(«) is defined by M(a)g := M,p, and
Homg, (M, N), :=homy (M(a), N).
Then we have the M-graded Hom functor

Homg, (M, N) := @ Homg,(M, N),.
aeEM

Finally, Extg, the derived functor of Homg;.

Definition I1.2.2. For an R-augmented algebra A, a grading A = @,,>¢ Ay is

compatible with the augmentation if A = T (V) /I for some finite-dimensional



R-bimodule V and finitely-generated homogeneous ideal I C ¥, V%,
Ay, =V®" mod I,and Ay = @,~0 As. More specifically, we will say that A is
connected-graded if R = K.

In either case, A is graded by the monoid M = IN and R-augmented by

setting A = ) ;~1 A;. We use notation established by [9], setting

Ak, )= & A(nj)%h,
i

where A(n;)¥ is j; direct-sum copies of A(n;).
Suppose A is an R-augmented algebra. Write A$” for the nth tensor
power of A over R. We have a canonical resolution of 4R: the bar resolution

Bar"(A) := A @g AS" with differential 9, : A @g AY" — A®@g AT defined

by

n—1 .
I(a@m @ @ay) =Y (-1)';1 ® -+ Qajaiq @ @ ay.
i=0
Applying the functor R ® 4 —, we get the complex A%Y®, with the

differential 9, : A" — AT""! defined by

—_

n— .
an(a1®...®an) = Z(—1)1a1®...®aiai+1®...®an_
i=1

Now, Torf (R, R) is the nth homology module of this complex.

Consider the map

Ayt AD" — AT @ AP



defined by
Api(d1 ® - ®@ay) =01 ®--®a;) ® (A4 Q-+ @ ay).

We see that A provides a comultiplicative structure for AS*. Furthermore, we

see that A respects kernels and images, making A%*® a differential-graded

coalgebra and making Tor”(R, R) a graded coalgebra. If A is M-graded, then

Tor? (R, R) is bigraded, with a homological by N and an internal grading by M.
The cobar complex is the cochain complex Cob®(A) defined by

Cob"(A) := Homu (AY", R),

where the differential

9* : Cob"(A) — Cob"1(A)

is the pullback of d. Similarly, if A is M-graded, we have a graded version of the
cobar complex Cobg;,(A).

Consider the map
Min_i: Cob'(A) ® Cob" '(A) — Cob"(A)

defined by
u(f @g)(a @a) := f(a1)g(az).

We see that y provides a multiplicative structure for Cob ¢(A) (and similarly for
Cobg,(A)). Furthermore, se see that y respects kernels and images, making
Cob*(A) (and Cobg, (A)) a differential-graded algebra and making Ext4 (R, R)
(and Extg;(aR,4 R)) a graded algebra. If A is M-graded, then Extg, (4R, 4 R) is



bigraded, with a cohomological grading by IN and an internal grading by M.

Theorem 11.2.3. We have y,,; = AV, where
pni s Cob"'(A) ® Cob'(A) — Cob™(A) and A,,; : AG" — A" @ AD.

Proof. Let fi®---® f; € Cob™(A), g1 ® - - ® gn_i € Cob" *(A), and

ay---a, € AY". We compute

A(i® @)@ @g-i)) (a1 @ ®ay)
=(A® @f)® (@1 ®  @g-i)Aa1® - @ay)
=L@ ®fi)(m® - -a)
(§1® - ®gn-i)(@ip1 @+ @ an)

=u(A® - ®f)@ (GO Qg-i))(m @ ®ay).0

The above proof can easily be modified for the case when A is M-graded,

yielding the following:

Theorem I1.2.4. The map p,,; : Cobt'(A) ® Cobg;, (A) — Cobf:,(A) and
Api: AS" — A" @ AS' are dual to one another. Thus, for any subset
Z CA0,...,n}, the maps Yicq phyi and Y ;1 Ay on Cobg, (A) and A", respectively,

are dual to one another.

I.3 Homological Conditions

Definition I1.3.1. For an augmented algebra A, the algebra E(A) = Ext4(R, R)
is called the Yoneda algebra, and the coalgebra T(A) := Tor (R, R) is called the
Yoneda coalgebra. We say A is K, if E(A) is generated as an R-algebra by
E'(A),...,E"(A).
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For the most part, we only consider the K; and K, conditions. The K»
property was introduced for connected-graded algebras by Cassidy and Shelton
in [8] and [9]. The following lemma, which we will prove in Section is very

useful:

Lemma I1.3.2. If A has a grading compatible with its augmentation, E™(A) = EZ.(A)
if an only if dim B (A) < oo. Consequently, if A has a grading compatible with its
augmentation and is ICp, then E(A) = Eg(A).

Definition I1.3.3. If A has a grading compatible with its augmentation and A is

K1, then A is called Koszul.

In the remainder of the section, we will assume that A has a grading compatible
with its augmentation.
The theory of Koszul algebras is very rich: a good reference is the book

[18] by Polishchuk and Positselski.

Theorem I1.3.4. The following are equivalent:
1. Ais Koszul.
2. The multiplication u : E"~1(A) ® E'(A) — E"(A) is surjective for each n > 2.
3. The comultiplication A : T"(A) — T"1(A) ® T'(A) is injective for each n > 2.
4. EL.(A) =EZ(A) foralln > 2.
5. TE(A) =TE (A) foralln > 2.

6. There exists a projective resolution P*® of graded A-modules for 4R such that P" is

generated in degree n.
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Conditions 4{and [5|are homological purity conditions. The resolution required
by Condition [f]is called a linear projective resolution.
For a graded algebra A = Tg(V)/I, we may always begin a projective

resolution of 4R with a sequence
0 J1
ARRW -5 A®RRV —-A—>R—0

where W is a minimal subspace of Tg(V') with the property I = (W). Then the
duals 9] and 9; are both zero. Furthermore, we will have 95 = 0. Therefore,
E2(A) = W*, and the cohomology E?(A) keeps track of the elements that
generate the ideal of relations for A. Since a Koszul algebra A has
E?(A) = E*>?(A), a Koszul algebra A will always be quadratic.

Suppose A = Tr(V)/I is a quadratic algebra. We let
(=, =) : V2 @p (V¥)®2 — R, where V* := homg(V, R), be defined by

(01 ® vy, w1 ® wy) 1= w1 (v1)wy(vs). Then, we define the ideal I+ C Tg(V*) by
It = <w € (V)®2: (v,w) =0forallv € IN V®2>.

Definition I1.3.5. The quadratic dual to the quadratic algebra A = Tg(V) /I is
the algebra A' := Tg(V*)/I*+.

Note that for a quadratic algebra A, (A')' = A. The following relationship is
called Koszul duality.

Theorem 11.3.6. A quadratic algebra A is Koszul if and only if E(A) = A', so
E(E(A)) = A for a Koszul algebra.

Koszul duality is a consequence of a more general result. For a general

graded algebra A = Tr(V)/I, we defined the quadraticized version of A to be
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the quadratic algebra gA := Tg(V)/ (I N V%), We think of gA as having
relations generated by the quadratic relations of A. Of course, for a quadratic A,

A = qA. The following is [18, Proposition 1.3.1]:

Theorem I1.3.7. For a graded algebra A, @; E"'(A) is a subalgebra of E(A), and in
fact is isomorphic to (gA)'. In particular, if A is quadratic, then A' ~ @, E"(A).

The first generalization of Koszulity is the N-Koszul condition introduced
by Berger in [2] and is based on the homological purity conditions. Fix N > 2.
Let 6 : N — IN be defined by

%, if i is even,

o(i) := '
NG 11, ifiis odd.

Definition IL3.8. A is N-Koszul if E'(A) = EX()(A) for all i.

Note that the 2-Koszul is synonymous with Koszul. Analogously to the Koszul
case, for an N-Koszul algebra A we have E?(A) = E>N(A), meaning A will have
the ideal of relations I generated in degree N—that is, A is N-homogeneous.

The following was proved by Green, et. al. in [12] and by Cassidy and
Shelton in [9]:

Theorem I1.3.9. A is N-Koszul if and only if A is N-homogeneous and ICy.

Green, et. al. also proved in [12] a “delayed” version of Koszul duality for

N-Koszul algebras:

Theorem I1.3.10. Suppose A is an N-Koszul algebra. Then the Yoneda algebra E(A) is
KC1, and E(A) can be regraded so that E(A) is a Koszul algebra. In addition,
E(E(E(A))) = E(A).
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The search for a Koszul duality-like result for K, algebras continues, although
the results in Section [V.4|indicate that this may be difficult.

Another generalization involving purity is the class of bi-Koszul algebras
introduced by Lu and Si in [15]. A subclass of bi-Koszul algebras, the strongly
bi-Koszul algebras, are K.

While N-Koszul and bi-Koszul algebras generalize the purity conditions

for Koszul algebras, K, algebras generalize the conditions of Ext-generation.
Theorem I1.3.11. The following are equivalent:
1. Ais IC2.

2. The multiplication

1:E2(A)QE"2(A) +EHA) @ E"1(A) — E"(A)

is surjective for each n > 3.

3. The comultiplication

A:TA) - T2 A) @ T 2(A) + THA) @ T H(A)

is injective for each n > 3.

Proof. Suppose A is K. Then Condition (2) clearly holds for n = 3. But then
Condition (2) holds by induction on 7. On the other hand, induction shows
Condition (2) implies A is K.

The equivalence of Conditions (2) and (3) follows from the duality of u
and A. O
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Recall that I is the ideal of relations for A. SetI' = I V+V ® 1.
Elements of I \ I’ are called essential relations. We may choose a subcomplex
A®gV*® C Bar®(A), where V" C A", such that the restriction of 9* is zero.
Such a resolution is called a minimal projective resolution of 4 R. We may
represent A @g V" as a free A-module and the differentials
O : A® V" - A® V" ! as matrices with entries in A (such that the differential
is right multiplication by the matrix). Lift to a matrix M, with entries in T (V).
Note that M, M,,_; will have entires in I. Set L, to be the image of M, after
projection of each entry to A/ A>; and E, to be the image of M,,M,,_; after

projection of each entry to I/I'. The following is due to Cassidy and Shelton [9]:
Theorem 11.3.12. The following are equivalent:

1. The comultiplication
A:THA) - TXHA) QT 2(A)+ THA) @ T 1(A)

is injective for each n > 3 (and hence A is k).
2. The rows of [Ly, : E,| are linearly independent for 3 < n < gldim A.

Example I1.3.13. This example will illustrate some of the linear algebra
techniques that can be used to find a minimal projective resolution and

determine that an algebra is not /C;. Let

Kly, z]

A=y

A basis for A is {1,y, z, yz, vz, z2, y3, yzz, yzz, z3, yz3, y3z, 24,yz4, z2, yzS, 6 ... 1,



and so the Hilbert series for A is

2t
Hu(t):= Y dim A, = 142+ 3> + 48 + 3¢ + Tt
n>0

We begin our minimal projective resolution with
A(=2,—4,—-4) 2 a-1,- ) M A K0

where

0 v’z

From the Hilbert series, we see that

ker M, N (A3 b A D Al)

= K(y%, —2,0) + K(3%,0, —y) + K(0,y,0) + K(0,0,2).

To find ker My N (Ag @ Ay @ Ap), we calculate

(01y2° + a2’z + asz®, Bry* + Boyz + Baz>, 11y* + 12yz + 132°) Mo

5

= (—oqyz4 — a3z ,a3y24).

15



So,

ker Mo N (A4 @ Ay ® As) = K(y°z,0,0) + K(0,v%,0) +1K(0,yz,0)
+1K(0,2%,0) +K(0,0,y?) + K(0,0,yz)
+K(0,0,2°)

= K(y%2,0,0) + Ay (ker My N (A4 © Ay @ Ap)).
Note we’ve now shown that for n > 5,
0P A, 3DA,3C A_s5(kerMyN (AP Ary® Ap)).
Now, suppose n > 6. We calculate
(yz" 2 + a2z 1,0,0) My = (—ayyz" ! — apz", apyz" 1),

meaning that

kerM, N (A,-1®030) =0.

Thus, we may begin our minimal projective resolution with

. — A(=5,-5,—5,—5,—6) 2> A(—2,—4,—4) -2

A(-1,-1) M A K o,

16



where

v’ oz 0
vz 0 —y
Ms = y 0
0 0 z
v’z 0 0

and M, and M are defined as above.
So, dim E3®(A) = 2 while dim(E?(A) @ E'(A) + E'(A) ® E2(A))® = 0.
Therefore, A is not K.

We can use Theorem [I1.3.12| to show that A is not 5. Note that

0 yt
P22 0
MsM; = | * 0 |,
0 y?z?
P2yt
S0

0z 0 : 0 y
00 —y : —y?z2 0
[Ls:Es]= [0 y 0 v 0
00 z y?z?
00 0 - 0 0

does not have linearly-independent rows.
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II4 The KC; Property for Monomial Algebras

In this section, we briefly describe a combinatorial perspective for the K
condition on monomial algebras, introduced by Cassidy and Shelton in [9].
Because the structure of a monomial algebra is somewhat simple, the structure
of its Yoneda algebra is more easily understood. We will go into more detail

about this structure in Chapter [V]

Definition I1.4.1. Fix a basis {x1,...,x,} for a K-vector space V. A
connected-graded algebra A = T(V)/I is a monomial algebra (with respect to

the fixed basis) if I is generated by monomials (with respect to the basis).

Suppose A = T(V)/I is a monomial algebra and let M be the set of all
monomials in T(V). Let R be minimal set of monomials generators for I. For

m € M, define the set of minimal left-annihilators
Wy :={we M\ I:wm e Ibutw'm & I for any w',w” € M with w'"w' = w}.

The following is obvious:

Theorem 11.4.2. Fori > 1, set
Sii= {mi@m;_1® - @my:my= xjfor some j,m; € Wy} C A%i.
Let Vi = spanS' C A} ® Vi~L. Here we identify a monomial m € M\ I with its

image in A. Define a map

0: AV - Ao Vil

0a@m @ - @my) =am; @m;_1Q - X my.
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Then A ® V* is a minimal projective resolution for 4K and is in fact a subresolution of

the bar resolution Bar" (A).

Themap d: A® V' — A ® Vi*! can be represented by a |Si+!| x |S/]
matrix in which the columns correspond to elements of S! the rows correspond
to elements of S'*!, and the row corresponding to m @ u € S'*! (where m € M
and u € S') has an m in the column corresponding to u and a zero in every other
column.

Consider the corresponding matrices L; and E; from Theorem [1.3.12]
Each L; is a |S"*1| x |S?| matrix in which the columns correspond to elements of
S, the rows correspond to elements of 51, and the row corresponding to
m®@u € S (where m € M and u € S') has m mod Tx,(V) in the column
corresponding to u and a zero in every other column. Each E;isa |S'T| x |S/~1|
matrix in which the columns correspond to elements of S'~1, the rows
correspond to elements of S+, and the row corresponding to
my @ mq @ u € S (where my, my € M and u € S'~1 has mym; mod I in the
column corresponding to u and a zero in every other column. Note that the rows
of [L; : E;] are linearly independent if and only if each row is nonzero. The

following consequence is found in [9]:

Theorem I1.4.3 (Cassidy—-Shelton algorithm for monomial algebras). For m € M,
set A, :={w €Wy :wm € I'}. Let Sy = {x1,...,xn}, and fori > 1,
S; = Uwes,_, Hw and & := U &;. Then a monomial algebra A is Iy if and only if for

every m € &, we have A, C V.

We will provide a pictoral view of this condition in Section
If A is quadratic, then 2, C V always. So, we have this classic result as a

corollary:
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Corollary 11.4.4. If A is a quadratic monomial algebra, then A is Koszul.

II.5 Poincaré-Birkhoff-Witt Algebras

Poincaré-Birkhoff-Witt (PBW) algebras are quadratic algebras whose
ideals of relations have nice Grobner bases (with respect to a natural filtration),
or equivalently, have the property that gr A is still quadratic. In the same paper
[19] in which he first formulated the concept of a Koszul algebra, Priddy proved

the following:
Theorem I1.5.1. PBW algebras are Koszul.

This result will also be a corollary to our results in Section A more
complete exposition of the connection between PBW algebras and Koszulity is
found in Chapter IV of [18].

Let {x1,...,x,} be an ordered basis for the K-vector space V, and consider
a connected-graded algebra A := T(V)/I. Let 7 : T(V) — A be the canonical
surjection. Let M be the set of monomials (including the empty word e) in
T(V), ordered by degree-lexicographical order. Then M is an ordered monoid
(under concatenation). We filter A by M via F,A =7 (Zﬁg N ]K[S) . The filtration

F on A yields an associated graded algebra grf A which is monomial.

Definition IL.5.2. 1. We define a (non-linear) function 7 : T(V) — M via

T (c,x(x +3) cﬁ,8> = Cull.

B<a
The output T(x) is called the leading term of x.

2. Let I C T(V) be a homogeneous ideal. A generating set G of I is called a
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Grobner basis if (7(G)) = (t(I)).
The following theorem is standard:
Theorem I1.5.3 ([14, Theorem 2.1]). gr A ~ T (V)/ (7(I)).
Thus, gr A is a monomial algebra.

Theorem IL.5.4. Suppose A = T(V) /I is a quadratic algebra. Then the following are

equivalent:
1. The monomial algebra gr A is a quadratric algebra.
2. gr A is a Koszul algebra.

3. A has a Grobner basis G such that the set {x + I' : x € G} is linearly independent
inI/I'. (Recall that ' = 1@V +V®IL)

4. Every generating set BB such that

(a) the set {x +1' : x € B} is linearly independent in /1" and

(b) the no proper subset of B generates the ideal (T(B))
is a Grobner basis.

Definition I1.5.5. A quadratic algebra A satisfying the equivalent conditions of
Theorem [[1.5.4]is a Poincaré-Birkhoff-Witt algbera. We call a generating set 3
satisfying Condition (4a) above a essential generating set. If an essential
generating set also satisfies Condition (b)), we say it has the leading monomial
property. We call an essential generating set which is also a Grobner basis an

essential Grobner basis.



In Section we explore the consequences of having an essential Grobner
basis for I when A = T (V) /I is a graded algebra with its ideal of relations I

generated in arbitrary degrees, generalizing Thoerem [I1.5.4

22
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CHAPTER III

PBW DEFORMATION THEORY

III.1 Motivating Example and Definition

Let g be a K-Lie algebra. Then its universal enveloping algebra

T(g)
x@y—yex—[x,y|l:xy€g)

U(g) =

is filtered by degree, and in fact

grU(g) ~S(g), (IIL.1)

where S(V) :=T(V)/ (x @y —y®x : x,y € V) denotes the symmetric algebra
on the vector space V. The isomorphism in is a well-known result from
representation theory, known as the Poincaré-Birkhoff-Witt theorem (see, for
example, [13] Section 17.3]). Since U(g) has a very similar structure to S(g), we
think of U(g) as a deformed version of S(g).

More generally, suppose R = @, Ke, is a ring where the ¢, are
orthogonal idempotents, and let A = Tr(V)/I be a graded algebra, where I has

a homogeneous essential generating set {ry,...,7s}. Suppose we have a set of
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not necessarily homogeneous elements

degri—1 .
{lt € Z VO = 1,...,5}.

i=0

Then let
U:=Tr(V)/(ri=1L:i=1,...,s). (II1.2)

We will say that the ungraded algbera U is a deformation of the graded algebra

A. Note that U still has a filtration via

n .
FU=)Y Vo4 (ri—li:i=1,...,s).
i=1

Definition III.1.1. U is a Poincaré—Birkhoff-Witt (PBW) deformation of A if
gru ~ A.

In this context, the classic PBW Theorem then implies that U(g) is a PBW
deformation of S(g).

PBW deformations were first studied by Braverman and Gaitsgory in
1996 in the quadratic case [6]. Additional results for the quadratic case appeared
in the book by Polishchuk and Positselski [18]. Berger and Ginzburg [3] and
Floystad and Vatne [11] extended this study to the N-Koszul algebras in 2006. In
2007, Cassidy and Shelton [8] found a homological technique that works for
algebras with mixed-degree relations. Cassidy and Shelton’s results are

explained in the next section.
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III.2 A Homological Technique for Determining if a Deformation is PBW

In this section, we will describe a homological technique for determining
whether the deformation in (II1.2) is a PBW deformation, first described by
Cassidy and Shelton in [8]. We begin by introducing another graded algebra

which has regularity properties equivalent to the PBW-ness of the deformation:
Definition II1.2.1. Suppose U is a deformation of A as in (III.2). Then the
associated central extension D by z of A is the graded algebra

Tr(V)[z]

D= =) i=1,..,8

where Tg(V)[z] is the polynomial ring over Tg(V) with central indeterminant z
and i : Tr(V) — Tr(V)[z] is a (non-linear) function, called the

homogenization, defined by
n n
Y a | =) az",
t=0 t=0

in which each a; € V¢!,

As in Section [[.3] fix a minimal projective resolution
- — A®Rr V3 a—3>A®RV28—2>A®V1 a—1>A(X)RV0—>R—>()

of oR. Recall, this means each V; is a graded free R-module and the induced
map 97 : V' ; — V¥ (where —* is the graded dual) is trivial. Choose the
R-modules V; so that Vj = R, V; = V,and V, = @ Rr;,. We view A ®g V® asa
graded free A-module, and view each 9, as a rank V},_; X rank V}, matrix with

entries in A (which acts by left multiplication).
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The maximum degree of the entries of V3 determines how much work is

required to verify that U is a PBW deformation.

Definition II1.2.2. The complexity of the graded algebra A is

0, if A has global dimension less than 2;
c(A):=

sup{n : E¥"(A) # 0} — 1, otherwise.

Note that V3 has maximum degree c(A) + 1.
Now, choose a lift of the matrix d,, to a matrix M,, of elements in

Tr(V) C Tr(V)[z]. Choose a rank V},_» x rank V}, matrix f, so that
o (MyM, 1 — (=1)""1zf,) = 0.

Let O; = D ®g (Vi ® V,,_1) and define the

(rank V,,_1 4+ rank V;,_») x (2rank V},_1) matrix

Mn fn
(—1)"1z-id M,_q

on = 7Tip

o~

This gives us a sequence (Q*,ds), but it may not even be a chain complex, let

alone exact.
Theorem III.2.3. The following are equivalent:
1. zis regqular in D.
2. If zx = 0 for some nonzero x € D, theni > c(A).

3. U is a PBW-deformation of A.
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4. Q° is a projective resolution of pR.
5. The sequence Q° — Q* — Q' — Q% — R — 0 is exact.
6. 7'(D(M3f2 +f3M1) =0.

Cassidy and Shelton proved this theorem in the case where R = K, but their
proofs are completely generalizable to the semisimple case.

In the following examples, we will stick to the case where R = K.

Example II1.2.4. We recover the classical PBW theorem for the Lie algebra
slp(K), where char K # 2. Let

K (x,y,h)
(xy —yx — h,hx — xh — 2x, hy — yh + 2y)

u:= U(ﬁ[z) =

be the universal enveloping algebra for sl and let and A := K|x, y, h]. So U is a
deformation of A, and the associated central extension by z is

K (x,y,h) [2]

b= (xy —yx — hz,hx — xh — 2xz,hy — yh + 2yz)’

A minimal projective resolution for 4K is

y —x 0 X
h 0 —x y
(h —y x) 0 h -y h
0— A(-3) A(=2)3 A(-1? —5 A - K —0.
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So, we may choose

h
f3= (—2y —2x —h) and fo = | —2x

2y
Then it is easy to verify that M3f, + f3M; = 0, so gr U ~ A by Theorem [[11.2.3

Example II1.2.5. This technique can be used to verify that central elements of a

graded algebra are regular. Consider the algebra

Klx, vy, z]

= oy = yx+ )

We will show that u := x 4 y is regular in D. Let

Kly, z|

A::D/uD:W

and let

U:=D/(u—1)D.

In fact, U is a deformation of A and D is the associated central extension by u. In
Example|[l.3.13} we carefully showed that a minimal projective resolution for 4K
may begin

. — A(=5,-5,-5,-5,—6) 2> A(~2,—4,—4) 22

" (IL.3)
A(-1,-1) — A—-K—0,
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where

v z 0
v’z 0 —y ~z Y
Ms = y 0 [/ M2x=|y® 0 [,andM; = Y
0 0 z 0 v’z -
v’z 0 0
First, we compute:
0 y
0 —y?z2 0
MoMy = | y* [ and MasMp = | 0
y222 0 yzzz
—322 2

Now, to find f, and f3, it helps to know that (remembering that u = x + )

V=) (x+y) =v’x -y * +y* —’x
—

= y4,
and that

(x +y) (yz* — xy? + x%y) = xyz> — X°y* + Xy + y*2* — xy° + 27y
— 2y + Py — P + 22

= y°z-.
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So, from this, we see that we may choose

0 v —y%x
0
xy? — yz? — x%y 0
f3

]/ZX — y?’ and fz =
y3 — yzx 0

2 2 2
xy? —yz* = x%y
v 2 +xy’ =2y Pz —yiaz

Now, we calculate

3 2
Y’z — xy°z
'z -y 3_ .22 .22
Xy’ —y°z- —x°y
—x1 + y22? + 2y

Msfr + faMy = + vt — P
3_ 4

A 3 y12y A2

yz® — xy’z — x%yz
xy’z — yz3 — x*yz

xyt — X% — 122

0 0

0 0

= 0 = O — 0.
0 0
y(y’x — xyz*) xy?

Thus, u = x + y is regular in D by Theorem [[I1.2.3

Example II1.2.6. This example was created by Andrew Conner [10] to show that

the Koszulity hypothesis is necessary in Theorem [[V.2.1|(see Example[IV.2.3). Let
A=K /(x,y) / (x?,y* — xy). Consider the deformation

K {x,y)

U= (x2—1,y2—xy—1)




and the associated central extension D by t of A is

Ki{x,y) |z
D= (x2 = Zzl<y2y_> EC; — 22y

We may begin a minimal projective resolution for g A with

x 0 X 0 X

0 yx 0 y—x

31

y
C o A(=3,-4) —— T A2 A(-1)2 S5 A K — 0.

Note that A is not a Koszul algebra. We can choose our f3 and f, to be

represented by the matrices

z 0
f3 = and f2 =

0 xz —z

Then, we compute

0
ip(Msfa + faMp) = ,
XYz — yxz

meaning that U is not a PBW deformation of A by Theorem |[11.2.3
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CHAPTER IV

PBW DEFORMATIONS ARISING FROM KOSZUL ALGEBRAS

IV.1 Introduction

In this section, we study some deformations that arise in the study of a
recently-discovered duality. This duality is the subject of a paper [5], currently
under review, that the author coauthored with Tom Braden, Anthony Licata,
Nicholas Proudfoot, and Ben Webster. A preprint of the paper is available on the
arXiv preprint server. The results in this chapter are a lemma used to prove the
main theorem in this paper, and first appear there.

In this chapter, we consider graded R-algebras of the form A = Tr(M)/1
where R is a semisimple ring over the field K and M is an R-bimodule. We
assume R = @, Ke,, where the ¢, are orthogonal idempotents.

First, let us briefly describe the main results of [5].

Definition IV.1.1. Let U be a finite-dimensional complex vector space and

S = S(U) be the symmetric algebra. A Goresky-MacPherson algebra is a
quadruple Z = (U, Z,Z,h), where Z is a commutative graded S-algebra, 7 is a
finite set,and hh : Z — @,z S is a map of graded S-algebras. If /1 is an

isomorphism, then Z is a strong GM algebra.

There is a notion of GM duality similar to Koszul duality (Theorem [I1.3.6). If a
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graded algebra A is Koszul and meets some additional conditions, then the
Yoneda algebra E(A) will also meet those conditions and we can associate to A a

GM algebra Z(A). Under these stronger conditions, the following holds:
Theorem IV.1.2. Z(A) is canonically GM dual to Z(E(A)).

This GM duality has been observed in some examples, such as the equivariant

cohomology associated to certain algebraic group actions on algebraic varieties.

IV.2 A Deformation that Arises in the Proof of Theorem I'V.1.2

In this section, for an algebra A as in Theorem and z' € Z(A"); (the
second degree subspace of the center of A'), we define a deformation A,:. (Recall
that A' is the quadratic dual in Definition ) In Section we will see that
this deformation is PBW.

Let R = @, Ke, be a ring, where the e, are orthogonal idempotents. Let
V and W be R-bimodules, and 1 : W — V ®g V be an injective R-bimodule

homomorphism. We consider the quadratic algebra
A:=Tr(V)/ (i(w) :w € W).

Now, let z' € A}. Note that by Theorem we can identify

A} =~ Ext¥*(R, R), and so we have a pairing

(=, =) : AS,@r W = R.
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We define the deformation

Tr(V)
(t(w) —eq (2, w) eg : w € exWeg)

Az’ =

The proof of Theorem [IV.1.2|relies on this theorem as a lemma:

Theorem IV.2.1. If A is Koszul and z' € Z(A"), C A}, then A, is a PBW

deformation.

Example IV.2.2. The centrality of z' is a necessary hypothesis for Theorem [[V.2.1
Let A := K (w, x,y) / (xy, wx), which is a monomial quadratic algebra and

hence by Corollary [II.4.4)is Koszul. A minimal projective resolution for 4K is

0 w O X

(0 w) 0 0 «x y
0— A(-3) — 5 A(-2)? ~— 5 A(-1)° —5 A - K —0.

Note
K (w, x,y)

E(A)=A'=
( ) <w2/wy1xw1x2/yw’yx’y2>’

and the element xy € A' is not central. Now the deformation is

- K(wxy)
Y (xy — 1, wx)

and the associated central extension is

K (w,x,y) [2]

b= (xy — 22, wx) "
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We may choose f3 = 0 and
0
fo= /

—Z

meaning 71p(M3f; + fsM1) = np(—wz) # 0, so Axy is not a PBW deformation

of A by Theorem [[11.2.3

2

We can also directly observe that in D, we have wz* = wxy = 0, meaning

z is not a regular element in D.

Example IV.2.3. The Koszulity of A is a necessary hypothesis for Theorem

[V.2.1} Recall the algebra
K{xy)

(2% y? — xy)
and the deformation U = K (x,y) / (x* — 1,y* — xy — 1) from Example|[I1.2.6

A=

We showed that U is not a PBW deformation and that A is not Koszul. Consider

the element

Kxy
(yx,y* + xy)

2= () + (P —xy) =x*+2xyc A =

It is easy to show that z' is central in A': Noting that > = —yxy = 0in A', we

compute in A'

(x? = 2xy)x = x° — 2xyx = x° = x> + 21°

= x% 4+ 2xy? = x% — 2x%y = x(x* — 2xy)
and

(x2 —2xy)y = x2y — ny2 = xzy + 2y3 = x2y

= —xy? =y =0 = yx* — 2yxy = y(x* — 2xy).
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Furthermore, A, = U.

IV.3 The Deformation A, is PBW

The goal of this section is to prove Theorem [V.2.1, We are actually going

to prove this slightly more general version:

Theorem IV.3.1. Suppose c(A) =2 or c(A) = 0 (where c(A) is the complexity of A
defined in Definition|[11.2.2) and z* € Z(A"), = Z(E(A)). Then A, is a PBW

deformation of A.

Proof. Let ¢ € Homg(W, R) be the map

Crw ) <z!,eawea> ey

o

Then we can write
Tr(V)[z]
(1(w) — &(w)z? :w € W)

D :=

and

A,=D/D(z-1).

So A, is a deformation of A and D is the associated central extension.
In the following, when we apply the functions 7rp or ¢ to a matrix, we
mean the result of applying the function to each entry in the matrix.

As in Section [[11.2, choose a minimal projective resolution of 4R
93 92 91
= AQrRV3 = AQr Vo) 5 AQr V] —m AQrVy— R —0

sothat Vj = R, V; = V,and V, = W. We view each 9,, as a matrix with entries in
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A (which acts by left multiplication), and choose lifts M,, with entries in
Tr(V) € Tr(V)[2].

In general, M3M; has entries in I, which means that we can think of
M3M, as a function

TR(V) RKRV; —=1® V.

However, in this case, c(A) = 2 or ¢(A) = 0, and so we actually know that

M;3M> has entries in W, and we can think of M3M)> as a function

TR(V) ®R V3 — (TR(V) ®R W) ®R Vl-

On the other hand, because V, = W, V; = V and V;; = R, we know that M, M;

has entries in W, and so we can think of M, M as a function

TR(V) QKR Vo — (TR(V) ® W) ® V.

Indeed, we see that we can view M3M;M; as a function

Ty (R) g V3 — Tr(V) @r (VORWNW Qg V) ® V.

Set f3 := z&(M3M;) and fp := —zZ&(MpM;y). Then

7TD(M3M2 — Zf3) = 7'(D(M3M2 — Z@(M:J,Mz)) = 0and

HD(Mle + Zf2) = ND(Mle — Zg(Mle)) =0,

meaning we may apply Theorem [[11.2.3
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Msfr + faMy = 0. (IV.1)
We can view the matrix f3 as the composition
-MzM idoé®id
Tr(V) @k Vs 222 (TR(V) @r W) @ Vi 22 Tp(V) @1 Vo
L TR(V)z @R Vi,
and the matrix f, as the composition
MM idoé®id
Tr(V) ®@r Vo —— (Tr(V) @ W) ®@r Vo i L Tr(V) ®@r Vo
294, TR(V)z @R V.
First, note that the diagram
MM idoé®id
Tr(V) @ Va M TR(V) @r W @R Vi — TR (V) @1 Vi
My i-z@id
TR(V) ®R (W@RVQV(@R W)@Vo TR(V)Z ®R V1
idTR(V)®(:®idv®idV0 lMl
Tr(V)®r V&@r Vo Tr(V)z ®r Vo

TR(V) KR V()

commutes, meaning for v € V3, vfsM; = z(§ ® id) (vM3z MM, ). On the other



hand, the commutative diagram

M -MyM
Tr(V) ®g Va —>Tr(V) @r V2 21
-M3MyM;

TR(V)(\@)R Vo

Tr(V)Qr (VRrRWNW&r V) ®r Vo
idTR(V)®idV®C®idVO
TR(V) XR VO

-z®id

TR(V)Z Qr Vo

shows us that for v € V3, vMsfy = —z(id ® ¢) (vMsMpM;).
Therefore, to show (IV.1), it suffices to show

(¢ ®@id)|wervnve,w = (d ® &) |lwervavew- (IV.2)

The elements ¢ ® id and id ® ¢ are represented in A} = E3(A) as z' Y x; and
Y x;z', respectively, where {x;} is a basis for V*. (The equality A} = E3(A) holds

because c(A) = 2 or c(A) = 0.) So, (IV.2) follows from the centrality of z'. O

39
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CHAPTER V

YONEDA ALGEBRAS FOR MONOMIAL CONNECTED-GRADED ALGEBRAS

V.1 Introduction

In this chapter, we explore the structure Yoneda algebra and coalgegra for
connected-graded monomial algebras. The material in Section |V.4|was first
described in a paper accepted for publication [7], coauthored with Thomas
Cassidy and Brad Shelton. A preprint of the paper is available on the arXiv
preprint server.

Recall that a monomial algebra is an algebra which can be written in the

form
K (x1,...,x0)

(r1,...,m)

A= (V.1)

where each relation r; is a monomial in the generators x;. A major motivation for
studying monomial algebras is convenience: because these algebras are
relatively uncomplicated, their Yoneda algebras and coalgebras are easier to
understand than in the more general case. This allows us to gain intuition about
what may or may not be true in the general case.

Recall the notation and results in Section Wehave R :={r1,...,1m}
and M the set of all monomials in the free algebra K (xy,...,x,). Form € M,

we defined a set of minimal left annihilators 2l,,,, which is used to obtain a
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bigraded vector space V* C A9*. This yields a minimal projective resolution

A ® V* for 4K, which is a subresolution of the bar resolution Bar"(A).

V.2 A Pictoral Method for Exhibiting the Resolution A ® V*

Let A be a monomial algebra presented as in (V.1I). In this section, we
present a weighted, directed graph exhibiting the resolution A @ V*. In
constructing such a graph, one will conduct the Cassidy-Shelton algorithm for
monomial algebras (Theorem . Recall the set & = |J; G; defined in
Theorem [L4.3l

Definition V.2.1. The Cassidy-Shelton algorithm graph for A is a weighted,
directed graph G(A) defined as follows: The set of vertices of G(A) is &. For
each m; € & and my € AUy, there is a directed edge my «— my in G(A) if mym is
an essential relation and a directed edge M2 <~~~ m1 in G(A) if mymy is a

nonessential relation.

When presenting the graph G(A), it is helpful to arrange the vertices so
that elements of Gy are on the far right, elements of &; are to the immediate left
of the elements of &, and so on.

Note that the elements of S;, which form a basis for Vi correspond
exactly to paths in G(A) which begin at an element of &. (Paths are allowed to
have both kinds of edges.) Thus, the global dimension of A will be the length of
the longest path in G(A), or infinite if G(A) contains a loop. Also, this is an
obvious corollary to Theorem [[L.4.3;

Theorem V.2.2. A is Ky if and only if the only edges My ~~m1 have my € &y.

Thus the C-S algorithm graph presents a visual way to determine whether a
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S
5 ?

e

_ x2y<;y

Figure V.2: The C-S algorithm graph for the algebra A in Example

connected-graded monomial algebra has the K, property.

Example V.2.3. Let A := K (x,y) / {x?y,yx). Then the C-S algorithm graph is
shown in Figure We can see that A is K and has infinite global dimension.

Example V.2.4. Let A := K (x,y) / (x*)?,y*x). Then the C-S algorithm graph is
shown in Figure We can see that A has infinite global dimension and is not

K, (because of the arrow x%y ~~12).

Example V.2.5. Let A := K (x,y,z) / (xy? y°z). Then the C-S algorithm graph is
shown in Figure We see that A is K, (in fact, 3-Koszul) and has finite global

dimension.

V.3 The Yoneda Algebra of a Monomial X, Algebra

Suppose A is a K, monomial algebra presented as in (V.1). In this section,

we will prove:
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Figure V.3: The C-S algorithm graph for Example
Theorem V.3.1. E(A) can be presented with only monomial and binomial relations.

Recall in Theorem we created a canonical basis S for the vector
spaces V! made up of tensors of monomials. Put S := |J; S. We write V for V!
(so, in fact, A is a factor of T(V)). Let {ps : s € S;} be the dual basis of (Vi)* to
Si. We identify (V')* = E'(A). We may decompose

Vi= (VIN(VRV)oWw (V2)

where a subset of S? is a basis for W.

Example V.3.2. Let A :=K (x,y,z) / <x2, yx, xyz, xyz>. In this case, 51 = {x,y,z}
and S = {x®x,y ® x,xy ® y, xy ® z}. The decomposition (V.2) is

V2= (Kx®x+Ky®x)d (Kxy @y + Ky ® z).

We will identify W* as the subspace @,cw ps C (V2)* = E?(A). Indeed,
we can view W* as the portion of E?(A) not generated by E!'(A). As we have

assumed A is Ky, there is a surjective algebra homomorphism

g s T(V* & W*) — E(A).
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In other words, E(A) is an algebra generated by V* & W*.

Recall that M is the set of monomials in K (xi, ..., x;). In the following,

p:T(K(xq,...,x,)) = K(xq,...,x4)

is the multiplication, which is really just removing the tensor product signs (for
example, y(x1 ® x3) = x1x2). The following is clear from the construction of

S C T(K(xq,...,x,)) (and minimality of A ® V*):
Lemma V.3.3. The restriction p|s : S — M is injective.
Let M be the set of monomials ps, s, - - - ps, € T(V*@® W*). Fors € S,

we set

M;(A) :={u € Mg : mg(u)(s) # 0}.

(This is the set of monomials in Mg which act nontrivially on s.) On the other
hand, we define amap v : V* @& W* — K (xy,...,x,) by setting v(ps) := u(s) for
s € S U S? and extending linearly. Then we can extend v to an algebra
homomorphism

v:T(V eW") - K(xqy,...,x4).
We first show that Mg can be partitioned based on the elements of S upon
which M acts nontrivially. This action is easy to describe.
Lemma V.3.4. M;(A) N My (A) =@ fors,s’ € S distinct.
Proof. Forany s € S, Ms = v~ !(u(s)). Recall that y is injective. O
The next lemma follows from our choice of bases.

Lemma V.3.5. If u € M(A) then rtg(u)(s) = 1. Therefore, if u,u’ € Ms(A), then

u—u' € ker rg.
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Lemma V.3.6. If u € Mg, then u & | |;cg Ms(A) if and only if u € ker 7.

Proof. Since S is a basis for V*, it is clear that u & | |;cg Ms(A) implies

u € ker rtg. On the other hand, by definition, Ms(A) Nker g = @. O

Theorem follows immediately.
For the remainder of the section, we attempt to identify nonessential

binomial generators of ker 7. We begin with this cancellation law:

Lemma V.3.7. Suppose uy,up, uh € Mg. If upuy — ubuq € ker mtg or

uiuy — uruh € ker mg, then upy = ub.

Proof. Suppose upuy — uhuy € ker rtg. Note that upuy, ubuy € Ms(A) for some
s=m ® -+ ®@my. Then there exists t > ' > 1so that u1 € M,g...om, (A) while
Uy, uh € Mim@---@my (A), thus showing that u, — u/, € ker 7tg. The proof when

ujuy — ujuy € ker 7 is similar. O

By cohomological degree considerations, this is an immediate

consequence.

Theorem V.3.8. E(A) can be presented so that all binomial relations have the form

0‘1...a€x_i:x_]-’31...’8€0r

Xjoy Xy = Prec Brya,

where {X1, ..., %y} is basis of V* dual to the basis {x1,...,xn} of V, and as, By € W*.

Example V.3.9. Recall the algebra A in Example We can compute
S1={xyz}, Sy ={xy®y,y>*®z},and S3 = {x ® y* ® z}. Let {X,y,z} be the

dual basis elements to x, v, z, respectively. Let «, B be the dual basis elements to
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V2n—|—1: V2n—|—2:
y ® (xZ ® ]/) Xn ylxn (xZ ® ]/) ®n+1 [Xn—&-l
(¥ Ry)*"@x | a'x YR (X?ey)*"®x | ya'x

Figure V.4: The basis for V* for A as defined in Example|V.3.11

xy ® y and y? ® z, respectively. Then we see that xa and Az both act on V3 via
x ® y*> ® z — 1. Hence, Xa — Bz is an essential binomial relation. Indeed, we can

easily see
K <Y, Y,Z,, ,B)
< X2, XY, Xz, V%, Yz, 22, a2, a B, B2a, B2, >
yu,zu, aX, xyaz, xp,yp,zB, Bx, By, xa. — Pz

E(A) =

We can decompose elements of S.

Definition V.3.10. Suppose v = m; @ m;_1 ® - - - @ my € S'. Then we will call a
term m; in v perforcedly linear if m;m;_1 is not an essential relation. (Recall that

we have assumed that A is K. This property forces m; to be linear.)

Example V.3.11. Consider the algebra A from Example Figure [V.4 shows
the bases of V' and the sets M;(A). In any element, all but the last y term is

perforcedly linear.

Theorem V.3.12. Suppose that v = m; @ m;_1 ® -+ - @ my € S', where m; is
perforcedly linear, and uy, uy € Mg where uy(v) = up(v) =1 (so u; — up € ker 7rg).

Let v/ = mj_1 ® - - - @ mq Then there exists u;-, u;-’ € Mg where u; = u;’u} and

u'(v') = 1. In other words, essential binomial relations can be obtained by considering

j
only elements in S' without perforcedly linear terms.

Proof. Because m; is perforecedly linear, there is no element p € V2 with
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p(m; @m;_q) # 0. Thus, uj = u;’u; where u;.’ € My,o-.@m;(A) and

u;. € My, ,-.@m, (A). The result follows from Lemma O

Example V.3.13. Consider the algebra A from Example |V.2.4/and |V.3.11} We can

see by inspection that
B(A) = gt
(X, %Y, y°, X, 0 )

Indeed, the only basis elements without perforcedly linear terms are x> ® y ® x
and x> ® y. These yield no binomial relations, and thus E(A) has no binomial
relations.

Note that we can regrade E(A) so that ¥, J, « each have degree one. Under
this grading, E(A) is a monomial quadratic algebra, and hence is Koszul. So, in

the original cohomological grading, E(A) is K1, by Lemma|l1.3.2

V.4 The Yoneda Algebra of a K, algebra Need not Be K,

In this section, we exhibit a monomial £, algebra A whose Yoneda
algebra E(A) is not K. This example was first described in a paper accepted for
publication [7], coauthored with Thomas Cassidy and Brad Shelton. A preprint
of the paper is available on the arXiv preprint server. This example illustrates
that a delayed version of Koszul duality (motivated by Theorem may be
difficult to find for K, algebras.

Theorem V.4.1. Let

K (m,n,p,q,1,5tu,9w,x,Yy,z)
mn2p, n2pqr, npgrs, pgrst, stu, tuowx, UwWxy, vwWxY?, xy2z)
p,npqr,npqrs, pq Yy Yo, xy

A= (V.3)

A is a ICy algebra, but E(A) is not ICy.
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Proof. First, we will exhibit the minimal projective resolution A ® V* using
Theorem The C-S algorithm graph is shown in Figure

Figure|V.6|is a table showing the basis elements s for V* as well as the sets
M;(A), which can be read off the C-S algorithm graph. From this table, one can
see that A is Uy as well as all the essential binomial relations. We see that A has
a global dimension of 6.
R:={wa,B,7,0,¢1n,7,v,p}. Then by careful inspection of Figure we see that
E(A) is the quotient of K (X, R) by the ideal generated by the following 474

essential relations:
1. All words ab fora,b € X.

2. All words ag and ga for a € X, g € R except those appearing in the basis
for V3.

3. All words gg’ for ¢, ¢’ € R except those appearing in the basis for V4.

4. The binomial relations coming from V3, which are:

iy — Bs, 76 — yt, tv — Y, Uy — T.

5. mpBe and evz.

We assign a degree of one to each element of X and R, making E(A) into a
connected-graded algebra with 472 quadratic and 2 cubic relations! Under this
grading, using Figure we see that the Hilbert series of E(A) is

1422t 41212 4 48,
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The spaces V" are zero for n > 7. The second column lists elements of the sets
M;(A).

Figure V.6: The basis for V* for A as defined in (V.3).
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Now, consider the bar resolution
E(A) @ E(A)Y* — K — 0.
Truncate and apply the functor E(A) ®g(4) — to get a complex
E(A)Y* —0

whose homology is the Yoneda coalgebra T(E(A)). We will show that E(A) is

not Kp by showing that the comultiplication
A:T(E(A)) — T*(E(A)) ® T'(A) + T'(E(A)) ® T*(E(A))

is not injective and appealing to Theorem [[1.3.11
Let:=mpRev®z € E(A); ® E(A)+ ® E(A) 4. Note that

(¢) =mPev @z —mB®evz =0,

so & +ima € T3(E(A)). We wish to show that & represents a nontrivial
homology class and that A(¢ 4+ imd) = 0.
First, note that none of the binomial relations of E(A) involve ev, 7 or Z.

We compute

I(MRPReVRZ) =MPREVRIZ—MR PevRZ

and

IMBReRURZ) = —MPRIVRZ+MPRER VZ.
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Thus, ¢ ¢ imo.

Now, recall that A is induced by

A:E(A)F - E(A)?RE(A)+ +E(A)L @ E(A)T2

We have
A(l) = (mMBRev)RZ+MBR (evRZ).
However,
I(—MPpReRV) =mBRev,
while
d(m® B) =mp.
Hence,

A(E+imd) = (MPpRev +1imad) ® (z 4+ imd)

+ (MP+im0d) ® (ev ®z+1imd) =0,

as desired. n
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CHAPTER VI

A GENERALIZATION OF THE THEORY OF PBW ALGEBRAS

VI.1 Introduction

Our goal in this chapter is to generalize Theorem Recall that a
connected-graded K-algebra A = T(V) /I is a Poincaré-Birkhoff-Witt algebra if
there exists a ordered basis for V such that the associated graded algebra gr A is
a quadratic algebra. Such algebras A are Koszul. In this chapter, we extend the
theory of PBW algebras to algebras that have relations in more than one degree.
Some of the material in this chapter appeared in an article published in the
Journal of Algebra [17], and is reproduced with permission of Elsevier B.V. A
preprint of the paper is available on the arXiv preprint server.

At first, we will be considerably more general than just considering the
connected-graded case. Let A be a K-augmented algebra. Let M be an ordered
monoid with identity element e. Suppose that there exists a poset isomorphism
p : M — IN—however, we do not assume that p is a monoid homomorphism.
We do require p(e) = 0. We will let s(a, 7) := p~1(p(a) + ), the element that

comes r places later in the poset. We assume M filters A so that
1. Ui RRA = A;
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3. FA=Kand F;Ay # 0whena > ¢; and
4. dim Fy/Fy(,_1)A < oo foralla > e.
With these properties, we can put a nice filtration on A% and Cob(A):

Definition VI.1.1. We filter A% by setting

RAT" = Y F A @ - @F,A;.
Ky <i
w;>evi

We put a decreasing filtration on Cob(A) by setting

F, Cob"(A) :

{f L A" K| Fyy ) AT C kerf} .

This induces a filtration F,E"(A) and associated graded algebra grf E(A).
Also, the filtration on A yields the associated graded algebra grf A (graded by
M); we set (grf A) 4 := @,-.(grF A)y. The algebra gr A is augmented by
grf A =Ko (grf A).. The following is the cornerstone to generalizing the PBW

theory, but is also interesting in its own right:
Theorem VI.1.2. There is a bigraded (with respect to the cohomological and M
gradings) algebra monomorphism

A:grf E(A) — Eg(grf A).

An important goal motivating the work in this chapter is a technique for
transferring the K, property from grf A to A. Recall that grf A is monomial. As

seen in Section it is easy to determine when grf A is k5.
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Theorem VI.1.3. IfEL (grf A) and B2, (grt A) are finite dimensional and generate

E.(grf A), and A' and A? are surjective, then A is ICy.

We can then prove our generalization of Theorem|[1.5.4, Let A =T (V)/I
be a connected-graded algebra and fix an ordered basis for V. The filtration F

will be induced by the degree-lexicographical order on monomials M in T(V).

Theorem VI.1.4. If I has an essential Grobner basis and ng A is ICy, then A is Ky as

well.

VL2 The Bigraded Embedding of gr’ E(A) in Eg,(grf A)

In this section, we prove Theorem We will use A to denote an
augmented algebra filtered by the monoid M as specified above. (Note that M
need not be commutative.)

Throughout, we will denote Homy (V,K) =: V. We first relate

Cobg,,(grf A) to the cobar complex of A.

Proposition V1.2.1. There is a differential-graded algebra isomorphism
grf Cob®(A) ~ Cobl,(grf A).
The proof of Proposition will follow after two lemmas. Let us fix a
K-basis R = [[c a1 Ra for A such that:
1. Up<a Rp is a basis for F, A.

2. Ry C LA fora >e.

Then {r + F(,,—1)A+ : ¥ € Ra} is a basis for Fy Ay /F(y, 1) A+
For readability, we set (((grf A)1)®"), =: (grf A)T%.
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Lemma VI1.2.2. The map

defined by
q)((al + Fs(al,—l)A) Q- ® (an + Fs(zxn,—l)A)) = Q- Qap + Fs(tx,—l)Aﬁn

is a chain isomorphism.

Proof. First, if a; — a; € Fs(ai,_l)A forsomel <i<nandaj---a, = «, then
G @@ (a—a) @ @ay € Fyy 1) A"

Hence, ¢ is well-defined.
To show that ¢ is a chain map, suppose a; € Fy,Aand a1 - - - &, = . We

compute

(do o) ((al + Fs(ocl,—l)A) Q- (an + Fs(zxn,—l)A))

d(a1® - @an+ By 1) AT")

=
\
—_

[
ing

I
—

(_1)ia1 ® Qa1 Q- Qay + Fs(zx,—l)A%”
i
n—1

(T (m+ Fi )
1

(aiti1 + Fuan-1A) @+ © (0 + Fya, - 4) )

= (pod) (@ + Fay1)A4) @+ @ (a0 + Fyg, ) 4) ).

®
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Now, to show that ¢ is an isomorphism, note that the set

B, = { (u1 + PS(M,_DA) Q- ® (an n PS(%_UA) ‘

a; € Ry, a; #eforalli,ag---ay = tx}

is a basis for (grf A)$",, while

By = {al R Ray + PS(,X,_1)A§"

a; € Ry, a; #eforalliag -y = oc}

is a basis for F,AY"/ Fs(,x,_l)/@”. Since ¢ gives a bijection between these bases, ¢

is an isomorphism. O

Now, because of Condition (4) on the filtration, we have a chain

isomorphism

F,XAfn v r
Vv ~ n,u
' | m———=| — Cobg(gr" A).
(Fs(zx,—l) 4%71) Gr

The restriction map

(AF")Y — (R AT")Y

induces an injective map

g, FCob'(A) EA%m "
. Fs(a,l) CObn(A) Ps(a,_l)A%n .

The following is clear and brings us a long way towards Proposition

Lemma V1.2.3. The map p is a chain isomorphism.
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We now know that
¢V op:grf Cob®(A) — Cobl,(grf A)

is a chain isomorphism, graded by M.

Proof of Proposition It suffices to show that ¢V o p is a differential-graded
algebra homomorphism. Let f € F, Cob"(A), g € FgCob™(A), a; € Fy, A,
b; € Fg,A, a1+ ay =a,and By -+ - p = B.

Then

(9" 0 p)((f + Fy(a1) Cob"(A)) ~ (g + Fy(p,1) Cob™(A))
((a1 + Fyay, 1)A) @+ @ (an + Fyy, _1)A)
® (b + Fyg, 1)A) ® - ® (b + Ps(ﬁm,_l)A)>
= p((f + Fy(a1) Cob™(A)) ~ (g + Fy(g1) Cob™(A)))
(0 ® - @an+ Fy-1)AY") @ (01 @ - - - @ b + Fy g _1)AT™))
= p(f ~ & + Fy(uap1) Cob" " (A))
(01 ® - @y @by ® - @by + Fyup 1) AT"™)

= f(1 @ ®ay)g(b1 @ --- @ by).
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Likewise,
((9" 0 0)(f + Fugu1) Cob"(A)) ~ (9" 0 p) (g + Fy(1) Cob™(A)))
((al +Fyy, 1)A) @ -+ ® (an + Fy,, 1) A)
© (b1 + Fyg, 1) A) @ @ (b + Fs(ﬁm,,l)A)>
= 0(f + Fy(o1) Cob" (A)) (a1 @ - - - @ a + Fy(p 1) AT")
- p(g + Fy(g1) Cob™(A)) (b1 @ - - - @ by + Ps(ﬁ,_l)A%”)

:f(a1®~~~®an)g(b1®---®bm),

as desired. ]
Recall that we give E(A) a filtration F,E(A) induced by the filtration F, Cob®(A).

Definition VI.2.4. Define a surjective map
Moo : Fx Cob™ (A) Nkerd — (grf E(A))™*

to be the composition

FE"(A)

Fa CObn(A) Nkero — F“EH(A) - m
s(a,1



60

Define a map #; : F, Cob"(A) Nkerd — E&7 (gr A) to be the composition

F,X CObn(A) N kera + Fs(rx,l) CObn(A)
Ps(a,l) CObn(A)

F,Cob"(A) Nkerd —

F, Cob"(A)

F
— E,(u1) Cob™ (A) Nker(gr’ 0)

\

LA N Cob*(gr" A) Nkero
— EX¥ (gt A).

(Recall that ¢V o p : grf Cob®(A) — Cobg,(grf A) is a differential-graded
algebra isomorphism by Proposition Here, we restrict ¢ o p to

F, Cob"(A) F
m Nker(gr' 9).)

The maps 77; and 7 appear in the construction of a spectral sequence
obtained from the filtration F on Cob(A). See, for example, [16, Theorem 2.6]
and its proof. Even though we will not need this spectral sequence to prove our

results, it is nonetheless interesting and is the topic of Section
Lemma VI.2.5. ker77; = ker #je.

Proof. Suppose f € ker 171, meaning
(@Y 0p)(f + Fy(,1) Cob™(A)) € Cobg&? (grf A)Nimoa.

As ¢V o p is a differential-graded algebra isomorphism,

F,Cob"(A)

n
f+FS(0(,1) Cob (A) c FS(“’l) COb”(A)

Nimo;




that is, there exists ¢ € F, Cob” 1(A) such that
a(g) + Fs(a,l) CObn(A) = f + Fs(zx,l) Cob” (A)

However, f —d(g) +imd € Fy(,1)E"(A). Thus, 17 (f) = 0.

Now, suppose f € ker 17, meaning f +imd € F;(,1)E"(A). So,
f+09(g) € Fy(1)Cob"(A) for some g € Cob"(A). Since
f,f+9(g) € F,Cob"(A),d(g) € F,Cob"(A) as well, and

f+ Fs(zx,l) CObn(A) = a(g) + Fs(zx,l) Cob" (A).

Thus,
(@Y op)(f + Fy(1) Cob"(A)) € Cobé’f(ng A)Nimoa

and so 771(f) = 0.

61

]

Definition VI.2.6. Since 7], is surjective, Lemma [V1.2.5|tells us we may define a

unique injective map A’"* such that the diagram

F,Cob"(A) Nkerd

gr E(A E”“ ngA

commutes. Set A := @, , A"".

We may now prove Theorem which we restate:



Theorem VI.2.7. The map
A:grf E(A) — Eg(grf A)

is an algebra monomorphism.

Proof. It remains only to prove A is an algebra homomorphism. Let

f € (grf E(A))"™* and g € (grf E(A))™P. Choose preimages (under 71)
f € F,Cob™"(A) Nkerd

and

g € FgCob™(A) Nkerd

for f and g, respectively. We have
f®§ € Fup Cob" ™ (A) Nkero.
Now, we compute

((f®8) +ima) + Fup) E""(A)

Neo(f ® §)

((f +imo) = (§+1imd)) + Fyop1)E""(A)

((f +im0) + Fy(u,1)E"(A)) < ((§ +1im0) + Fyg1)E" (A))

Moo (f) ~ 1100 (8)

=f-s

Before proving Theorem [VI.1.3| we prove a general fact about filtered

algebras:

62
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Lemma VI1.2.8. Let R = @; R; be a graded algebra with a decreasing filtration F by a
totally-ordered monoid M. Put F,R; = F,R N R; and assume FyR = @; FuR; for all i.
Let R’ be the subalgebra of R generated by Ry, ..., Ry. Suppose, for each i, F,R; C R’
for a sufficiently large. If (grf R)q, ..., (grf R),, generate grf R, then Ry, ..., Ry,

generate R.

Proof. Suppose that Fy(, 1)R; C R'. Leta € FyR; \ Fyo)Ri- As grf R is generated
by (grf R)y,..., (grf R),, there exists a’ € R’ N F4R; such that

a—a' € Fy,R;i C R

Asa € R', we know a € R'. Thus, F,R C R’. By (decreasing) induction on «,

R=TR. ]

Lemma VI.2.9. If dim grf E"(A) < oo then F,E"(A) = 0 for some a, and
consequently, dim grf E"(A) = dim E"(A).

Proof. Let {G + Fy(y,1)E"(A) : 1 <i < m} be abasis for grf E"(A), and choose
a>w;forl <i<m.Forp >ua, FﬁE”(A)/FS(ﬁll)E”(A) = 0, meaning
FgE"(A) = F,E"(A).

Now, choose any ¢ € F,E"(A). For B > «, there exists fg € Fg Cob"(A)
and f; € Cob" '(A) such that fg +imd = ¢ and f5 = fsg) +4(fp)-
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Then, for § > «,

fo= fs(zx,l) + d(folc)
= fs@2) T A(fia1)) +4(fo)

=fp+ ), d(f)
x<y<p

So, for x € P[;Afn and vy > B,

fulx) = fr(x)+ ) d(fy)(x)

a<d<7y

= ). (f500)(x).
a<d<7y
Thus, there exists f’ : AY"~! — K such that f, = f’ 0 . Therefore, ¢ = 0. O

We may now prove Theorem which we restate:

Theorem V1.2.10. IfEl (grf A) and EZ (gt A) are finite dimensional and generate

E.(grf A), and A' and A? are surjective, then A is KCy.

Proof. The map A is an algebra isomorphism. Apply Lemma [VI.2.8§fwhen m = 2
and R = E(A). O

Although the main purpose of these results is to study connected-graded

algebras, it is nevertheless interesting to consider ungraded applications:

Example VI.2.11. Let p € K[x, y]». Let
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Definee: A — Kviae(x) :=0and ¢(y) := 0.
The standard IN-grading on K (x, y) induces a filtration F on A which

satisfies the conditions in the introduction. Then

Klx, y]

F A~
gr A~ 3

Note that grf A is a complete intersection, and therefore is K, by [9, Corollary
9.2].

One can easily compute dim E!(grf A) = dim E?(grf A) = 2.
Furthermore, using Cob®(A), one can find the necessary linearly-independent
cohomology classes to show dim E'(A) = dim E?(A) = 2, implying that A' and

A? are surjective. Hence A is Ks.

VI.3 Connected-Graded Algebras with Monomial Filtrations

In this section, we assume that A = T (V) /I is a connected-graded
algebra. We consider A as a filtered algebra as in (and adopting the notation
from) Section [[L.5, Our goal is to prove Theorem We begin by proving
Lemma which we restate:

Lemma VI.3.1. For a connected-graded algebra A, E"(A) = El_(A) if and only if

dim EZ (A) < co.

Proof. Projective modules in the category Gr-A of graded A-modules are
graded-free [2, Proposition 2.1]. So, there exists a projective resolution (in both

the category of graded A-modules and of all A-modules)

-—>A®Vmﬂ---—>A®V1—>A®VO—>A—>A]K—>O
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such that each V' is a graded vector space and 9'(A ® V') C A, ® Vi~1. So, for
any A-module homomorphism f : A ® Vil LK, 9o f = 0. Thus, all the
differentials in both Hom(A ® V*, 4K) and Homg,; (A ® V*, 4K) are zero. So,

E"(A) = Hom(A ® V", 4K)

while

Egr(A) = HomGr(A V", AIK). [

Since, in our case, E!(A) and E?(A) are finite dimensional, any K,
algebra will have Eg,(A) = E(A), and the K, condition is equivalent to Eg(A)
being generated by E_. (A) and E2_(A). However, it is possible for
E(A) # Eg(A) for a connected-graded algebra:

Example VI.3.2. Consider the algebra

K(w,x,vy,z)

A= .
(yz,zx — xz,zw)

introduced in [8, Example 5.2]. A minimal projective resolution for 4K is
0— A(=3,—-4,-5,...) = A(-2)"2 - A(-1)"* - A - K — 0.
Thus, the dimension of E%r(A) is countably infinite, while the dimension of

E3(A) is uncountable.

Recall that M denotes the monomials of T (V'), which (with respect the
ordered basis for V) form a monoid which is totally ordered by degree

lexicographical order. For « € M, we set F,A :=span{7rt(B) : p < a}. As M is
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itself N-graded, the we may put an N-grading on Eg,(grf A) by setting
gr A):= P E (gr FA).
|l=]

(Here || denotes the length of «.) The algebra E(A) inherits the grading on A,

and so does grf E(A). Indeed, it is clear that
(gr" E(A))" = D (gr" E/(A))"
|wl=J

Furthermore, the monomorphism
A grf E(A) — Eg(grf A)

defined in Theorem is homogeneous with respect to this internal
IN-grading.
The goal of this section is to apply Theorem to connected-graded

algebras, using this monomial filtration. Note that A! is always surjective, so to

apply Theorem [VI.1.3| we need only check:
1. grf Ais Ky, and
2. A?: grf E2(A) — E?(grf A) is surjective.

As discussed in Sections [I1.4|and the algebra gr A is a monomial algebra
and it is easy to determine if gr’ A is Kp. Theorem is then a consequence

of the following:

Lemma V1.3.3. The map A? : grf E?(A) — E?(grl A) is surjective if and only if I

has an essential Gribner basis.
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Note that a generating set B° for I is essential if and only if
|B¢| = dim I /I’ = dim E?(A). We will show later that the existence of an
essential Grobner basis is equivalent to the surjectivity of A%. At the same time,

it is desirable to know when an essential generating set is a Grobner basis.

Example V1.3.4. Consider the ideal I := (x%,4?) in K (x, y). Under the order

x < y, the set B¢ := {y?, x> — y?x} is an essential generating set for I. However
B¢ is not a Grobner basis. On the other hand, the slightly modified set

G := {y? x%} is an essential Grobner basis. The failure of I to be a Grobner basis

was due to the needless redundancy of leading monomials.
The following lemma is easy.

Lemma VI.3.5. Let B° be an essential generating set for 1. Then the following are

equivalent:
1. T(B°) is an essential generating set for (T(B°)).
2. Foreveryr,v' € B¢and o/, 0" € M, t(r) & Ka't(r")a’”.
3. Foreveryr,t' € B¢ and o', 0" € M, t(r) & Kt(a'r'a”).

Definition VI.3.6. If an essential generating set B° meets the equivalent

conditions of Lemma |V1.3.5| we say B° has the leading monomial property.

In Example|V1.3.4] the set B° failed to be a Grobner basis because it failed

to have the leading monomial property.
Lemma VI1.3.7. Essential Grobner bases have the leading monomial property.

Proof. Suppose that G is an essential Grobner basis. As we have an injective map

A?: grf E2(A) — EZ (grf A),

|G| = dim E*(A) < dim EZ, (gr" A).
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On the other hand, if 7(r) € Kt(a'r'a”") for some &/, &’ € M and
r,1' € B¢, then

(t(9)) = (7(G) \ {(n)})
and so dim E2 _(grf A) < dim E?(A), which is absurd. O

Theorem VI1.3.8. There exist homogeneous bases BB for I and B’ for I' such that

B' C B, and the essential generating set B¢ := B\ B' has the leading monomial
property.

The proof of this theorem will follow after two technical lemmas.

Lemma VI1.3.9. For W C [ and « € M, define

AL (W) :={r e I, :r &span Wand t(r) & Kt(s) forany s € W with t(s) > a}.
m+1 m

If Al ' (W) # @, then A} (W) # @; that is, there exists r € I, such that

T(r) € Ka't(s)a” forany o', 0" € Mands € W.

Proof. We need only show that A%, (W) # @ implies that Aiﬁ“"l) (W) # @. Let
r € A%, (W). Suppose 7(r) = t(s) for some s € W. Thenr — s € Z,, but
r—s ¢ span W. Also, T(r —s) < t(s) <a,sor—s € Af,g“’_l)(W). O

We will use the following lemma to build our basis degree-by-degree:

Lemma VI1.3.10. Suppose B is a homogeneous basis for @?;61 Iyand B' C B is a basis

for EBI’.”:Bl I!. Then there exists B" C I, andry,... 1y € Iy such that:
1. B" is a basis for I,.

2. ri € Ka't(r)a” foranyi=1,..., 4,4 ,0" € M,andr € B.
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3. B"U{ry,...,re} is a basis of L.

Proof. Set

BO) — {06/1’/0(" cl,:a,a" ¢ M7 € B}.

Let B” ¢ B such that B, is linearly independent. Since B(%) spans I/, B is a
basis for I},.

Now, suppose we have constructed BU) = BU=1 U {r;} for 1 < j < i such
that (B \ B()) U B" is linearly independent and 7(r;) ¢ Kt(s) for any
s € BU-1),

If B spans I, then B” U {ry,...,r;} also spans I,;, and the claim is

m—+1 B
proved. Otherwise, A,! (BY) # @, and so by Lemma [VL3.9, there exists

7ir1 € Iy such that T(r;y1) & Kt(s) for any s € B, Set
B+ = BO U {r;44}. ]

Proof of Theorem|[V1.3.8] Set B,, = B;, = BS, = @ for m < 1. Apply Lemma
[VI.3.10 and induction on . O

We are now ready to prove Lemma and Theorem [VI.1.4} both of

which are incorporated in the following:
Theorem VI.3.11. The following are equivalent:

1. Every essential generating set for I with the leading monomial property is a

Grobner basis.
2. There is an essential Grobner basis for I.
3. dim E?(A) = dim E?(grf A).

4. The injective map A? : grf E>(A) — E?(grf A) defined in Theorem [V1.1.2|is

surjective.
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Therefore, if I has an essential Grobner basis and grf A is Ko, then A is Ky as well.

Proof. Weset ] = ker(7: T(V) » grf A)and ' = J@V+V®].
In light of Theorem is clear that Condition (1) implies Condition

.

Suppose G is an essential Grobner basis for I. Then |G| = dim I/1'. Also,
since G has the leading monomial property, |G| = |7(G)| = dim J/]'. So,
Condition (2) implies Condition (3).

Clearly, Condition (3) and Condition (4) are equivalent.

Finally, assume (4). Suppose B¢ is an essential generating set for [ with the

leading monomial property. Let /5 be an essential generating set of ] such that
{t(x):x e B} C By

Then, |B°| = dim[/I' = dim ]/]" = | Bf|. So, B is a Grobner basis. Thus,
Condition (4) implies Condition (T). O

Example VI.3.12. Consider

K (x,y)
(xy — x2,yx,y3)

A=

with a monomial order induced by x < y. We know from [9, Example 4.5] that A
is not a K, algebra. The Hilbert series of A is Ha(t) = 1+ 2t + 2t2. Since

nt(x%) = 0, we see that 77(x®) = 0, and gr' A ~ K (x,y) / (xy,yx, x>, >). We may
apply [9, Theorem 5.3] to see that gr’ A is KC,. The essential generating set

{xy — x%,yx,y>} is not a Grobner basis for ker 7. The behavior is similar under

y < x (although grf A is a different K, algebra).
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Example VI1.3.13. Consider

K (x,y,z)

A=
(x2y — x3,yz2 — yx?,x3z — x%)

with the monomial order induced by x < y < z. We may use the diamond

lemma [4, Theorem 1.2] to show that

K {(x,y,z)
2y, y22, 2)

ngAzB::

3

Thus, {x?y — x3,yz? — yx?, x>z — x*} is an essential Grobner basis for ker 7.

However, application of [9, Theorem 5.3] shows that B is not K. By inspection,

0 x2 0 X
0 0 yz y
<0 x2 o) 0 0 8 z

0 — B(-5) B(-3%?,—4) ——— B(-1°) =% B - K — 0

is a minimal projective resolution for pK. By Theorem

dim E"/(A) < dim E¥(B). So, the chain complex of projective A-modules

x2 —x? 0 x
v 0 —yx y
(O x? —x> X 0 =8 z
0 — A(-5) A(—3%,—4) A(-1¥) -5 A5 K —

is a minimal projective resolution for 4 K. Applying [9, Theorem 4.4], we see that

A is KCr. Hence, the converse to the last sentence of Theorem [V1.3.11|is false.

0
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Example VI1.3.14. Let
A= K {xy) :
(yx —xy, y° + %)

Then under the order x < v, the essential generating set {yx — xy, y® + x%y} is a

Grobner basis for ker 71, and

ngA — I[<<x’y>

We may use [9, Theorem 5.3] to show that ng Ais K. Thus, by Theorem
V1.3.11} A is Ky. (This can also be verified directly using [9), Corollary 9.2].)

It turns out that the classical PBW algebra theory is a corollary:

Theorem VI.3.15 ([18, Theorem IV.3.1]). If A is a quadratic algebra, and ng As

also quadratic, then A is Koszul.

Proof. Quadratic monomial algebras are Koszul [18, Corollary 11.4.3]. The
theorem follows directly from Theorem|VI.1.3 O

VI.4 Spectral Sequence Approach to Connected-Graded Algebras with

Monomial Filtrations

In this section, we will present an alternate approach to the material in
the previous section. This approach uses the spectral sequence E in which
Ec:(grf A) is the E; page and grf E(A) is the Eo page. We then show that the
multiplication on the E; page can be pushed to the E, page. This yields an
alternate proof to Theorem The material in this section was not included

in the article [17].
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Recall we had the poset (but not monoid) embedding
p:M—N
We introduce some notation from the proof of Theorem 3.8 in [16]]:

2} := F, CobP™H Mg~ Y(E,, ) CobP ) 171 (4)),

o,r
By := F, Cob”®*1 M3 (F,, _,) Cob? @+,

Zeh = (2" = F. Cob” ™ (A) Nkerd,
r

and

B! = 2" = F, Cob?™™(A) Nimoa.
r

With this notation, we view
7! 7! /1 / _]- 7!
EN = 70 ) (22DAY L B

for r < co and

E&T = 281/ (Z2 1 4 BY),

and denote by 7,7 : Z;"1 — E;"! the projection. Because
Ei“’q ~ EPl)+an (grf A)

and
FIXEP(“)‘W(A)

EQl ~
(1) BV HI(A)

F

S

the use of 77 is consistent with that in Section Set E;" = 1,(Z&1). Note



A (E") = E}"". We have a string of inequalities
dim Eg! < dim E}7 < dim E}7.

It would be nice if E, was a spectral sequence of algebras (see [16,
Definition 2.13]). However, the natural tensor product of Eﬁ"i and Erﬁ 7 does not
land in E; piti , as required by the definition, since E; Pit] is a factor of
Cob?*B)FHi( A), and p(apB) + i + j is not necessarily the same as

p(a) +i+ p(B) + j. However, we can define a similar multiplicative structure
B @ EPT EABIHIR(@A)
where R(«, ) = p(a) + p(B) — p(«p).
Lemma VI.4.1 (Odometer formulas). The following two formulas hold:
. 1
p(ximximfl T xil) = Z itnt_
t=1

and

p(p) = p(a)n + p(p).

Proof. To prove the first formula, we induct on & = x;,, - - - x;,. The formula

obviously holds when a = x1. Suppose the formula holds when a = x; ---x;
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1°



If « = I, then s(a, 1) = x"*! and

p(s(a,1)) = pla) +1

m

= n-nt14+1
t=1
m+1

ntfl.
t=1
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Now, suppose & # x}'. Let j € {1,...,m} be the smallest such that i; # .

— 1 o e
Thena = x;, - -- Xj X ands(a,1) = x;, - Xi41X]

Also,
m . j—1
Yo im T () Y At
t=j+1 t=1
m , j—1
=Y im w4 Y !
t=j t=1
m . j—1
=Y im (W =1+ Y 41
t=j t=1
m =1 =1
=Y im (-1 n T+ Y a1
= t=1 t=1
m j—1
=Y im™ + Y nontt 41
t=j t=1
= p(a) +1=p(s(a1)),
as desired.

To prove the second formula, write § = i+ Xiy and o = Xig

K
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Then

|oeB]
p(ap) =Y im'?
=1

Bl |
= Z itnt_l + Z iﬂ’l

t=1 t=1

t—1

W
— Z 1n 7“3‘7 n|.B| + p(’B)
T+

= p(a)nfl + p(B).

O
Lemma VI.4.2. We have as(B,1) > s(apB, ).
Proof. This follows from the estimate
p(a,s(B,7)) = pla)nlPrl 4 p(s(B, 1))
> p(a)nlfl+ p(B) +
= p(s(apB,1)).
O

Lemma VI1.4.3. We have s(a,7)B > s(af, ).

Proof. This follows from the estimate

p(s(a,r)B) = p(s(a,r))nl + p(p)
= (p(a) +r)nlP 4+ p(B)
> p(a)nfl 1+ p(B)
= p(aB) +r=p(s(ap,r)).
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Lemma VI1.4.4. The multiplication
F, Cob? ™+ (A) Fy Cob?BIHi(A) — » CobPW)FPB)+i+i( 4)

restricts to a map

i @ ZB1 7B R@E)

Proof. Let f € Z¥ and g € 7P Then
a(f) € Fs(tx,r) CObp(a)+i+1(A)
and
a(g) € Fs(ﬁ,r) CObp('B)Jrj+1(A).
So,
Afwg) =a(f)®g+(-1)'f®ag)
€ F,(yr) Cob? WL (A)Fs Cob? P (A)

+ F, Cob? ™ (A)F, 5,y CobP P HIH(A)

= Fy(ar)p CobP I HHPBITIT(A) L F () CobP W HHPBIHHT(4)

a,r

C Fyapr) CobP @) +p(B)+itj+l (A).

Hence, f ® g € Zﬁ‘ﬁ’iH_R(“’ﬁ). O

Theorem VI.4.5. The map

708 @ ZBT 7B Rw)
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induces a map

1y o E% @ EPT — pRPATTER(0E)

Proof. First suppose f € Z:g’l)’i_l + B’:j and ¢ € 7P S0, we may write
f = fi+ f2where f1 € Zi(_al'l)'iil and f, € Bf’_il. Thus,

9(f1) € Fy(ar) CobP@++ (4),

and hence

Afiwg) =a(fi) ®g+ (—1)PWf (g
- FS(O(,;’) Cobp(lx)+i+1(A) ® Fﬁ CObp(’B)Jr](A)
+ FS(!X,l) CObP(tX)H(A) ® Fs(‘B,r) Cobp(ﬁ)+j+1(A)
C Fy(ar)p CobP(oc)+P(/3)+i+j+1(A) + Fufa1)s() Cobp(a)+p(ﬁ)+i+j+1(A)

CF

= Ls(apr) CobP (W) +P(B) i+t (A).

Hence, f1® g € Z:g"f'l)fiJFHR(“/ﬁ).

Also,

Afr®g) =0(f) ®g+ (—1)!Wf®0(g)
= (-1)PWf 2 a(g)
€ Fas(p) CobP@WFP(B)+i+j+1( )

C Ps(pc‘B,r) CObp(lX)‘Fp(,B)-l-i—l—j_Fl(A).

So, f@g € zjﬁ"ﬁ””fﬂ(aﬁ) C Z:("‘lﬁrl)riHJrR(%ﬁ) n Bfffli+j+R(Dé,ﬁ)'
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On the other hand, suppose that ¢ € Zs(ﬁ Aty Bf g ;and f € Z%' Then
g = g1+ & where g1 € Zj(_ﬁl,l),'* and g» € Bﬁ]

We compute

If®g) =a(f®(g1+82))

I(f®g1)+9(f ®g2)

Af) @ (g1+g) + (1P f@a(g1) + (1P f 2 (g)
A(f) ® (g1 +82) + ()P f @a(g1).

Note that

a(f) ®81 € Fs(:x,r) CObp(’X)—H—i_l(A) & Fs(,B,l) CObp('B)—H(A)

C Fuyns(p1) CobP @ HPEHHIT (4)

C Fi(up,r) Cobp(”‘)+P(l3)+i+j+1(A)'
Also,
If)®g € Fs(a,r) CobP(zx)+i+1(A) @ Fs Cob”(ﬁ)ﬂ'(A)
C Fy(ur)p Cobp(zx)+p(ﬁ)+i+j+1(A)
C Fyupyr) CobPWHP(B)+I++1( 1),
Finally,

f®a(g1) € F,Cob?™H(A) ® Fyp,) CobPB)HiH1(4)

€ Fi(apr) CobP(oc)+P(ﬁ)+i+]'+1(A).
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So, in general, we have

C Z:gcf,l),ﬂ—j-&-R(oc,,B) + Bicf,li-&-j-&-R(a,,B),

as desired. n

As E is a spectral sequence, there is a differential

—r+1
dy - B — ESenAH,

This differential is defined so that the diagram

o, d _
740 0 pslangri

c ok

Eﬁt,q L Ej(a,r),q—r+1

commutes. Furthermore, the map 7, sends Zf’fl C 71 to ker d,, and the
composition

v: 200 " kerd, — HYI(E,,d,)

induces an isomorphism 7 : Effl ~ H"1(E,,d,). (For more details, see [16, pp.
34-37].) We will show that the map ;11 : E;11 ® E;11 — E,41 is the same as an
induced map H(y,) : H(E;) ® H(E,;) — H(E,) in cohomology.

First, we need to show that y, induces a map on cohomology.

Lemma VI1.4.6. The map

uy: EY @ EPI _, peBiHIR@p)



restricts to a map
iy - ker d% @ ker df’j — ker dfﬁ’iJrHR(“’ﬁ).
This restriction induces a well-defined map
H(u,) : HY(E,,d,) ® HPI(E,,d,) — H*¥H+R@E)(E, 4.,

Furthermore, this map is compatible with y,1; that is, the diagram

Eyl ® Eﬁl = H"/(E,,d;) @ HPI(E,, dy)
il/‘r H(pr)
Eff’li+j+R(“’ﬁ) HeBi++R(wB) (E, d,)

commautes.

Proof. Recall that for f € Z&, d,(n,(f)) := n:(3(f)).
First suppose that f € Z& and g € ZF/.

H(f®g))
n(0(f®g))

dr(ur (1 f ©17:8)) = (1
(
7,0(f) @ 8) + (=)' (f @ 3(g))
pr(
pr(

e (1 (3(F)) @ 11:(8)) + (= 1) pr (1 (f) @ 1,(3(8)))
wr(dr (1 (f)) @ 11,(8)) + (_1)i7/‘r(’7r(f) ®dr(1:(g)))

So, if ,(f) € kerd, and 1,(g) € kerd,, then 1, (1,(f) ® 1,(g)) € kerd, as well.

Now, suppose that #,(f) € imd, and #,(g) € kerd,. Then there exists

82
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~ ~

f e % such that d, (1:(f)) = (). Thus, 7,(3(f)) = 1:(f). So,

I
=
)
X
)
®
oq
_|_

|
=

=

A

N
)
&®
X
s

~

(
(

P (f) @1:(8)) + (=D (7 (f) @ dr(7,(g))
(

So, ur(:(f) ® 1r(g)) € imd, as well. A similar argument holds when
1:(g) € imd, and n,(f) € ker(d,).

Finally, let f € ijil and g € Zf +]1 Then,

H(pr) (Y1741 (f)) @ v(11r41(8))) = H(pr) ([ ()] @ [11:(£)])
= [ur(:(f) @ 11r(8))]
= [ (f®g)l

On the other hand,

V(1 (11 (f) @ 11r41(8))) = Y11 (f @ 8))
= [m(f®@g)l

as desired. n
In particular, the map y; is the cup product on E(grf A).

Corollary V1.4.7. The map

g o phi ap,itj+R(ap)
it By @ EY — By
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is the same as the cup product
Ea,p(a)Jri(ng A)® Eﬁfp(ﬁ)Jrj(ng A) — Eaﬁfp(a)+P(ﬁ)+i+j(ng A).

Proof. The differential dy is the differential induced by d on grf Cob(A). Lemma
establishes an isomorphism

grf Cob(A) ~ Cob(grt A)

as differential-graded algebras. O

Theorem VI.4.8. The diagram

1 i Heo PR
EY @ EF) i+ +R(p)
FEP@H(A) FgEP B4 (A) F gBP@+P(B)+iti( )
FanEOT(A) 7 FpnBPPH(4) Fap) BV TP ()

commutes. In other words, the multiplication on E converges to the cup product

structure on grf Exty (K, K).

Proof. Let
7y, < ker(d : Cob(A) — Cob(A)) — Exta (K, K).

Then the isomorphism
pla)+q
poa o FE A)
Fs(a,l)Ep(a)+q (A)

is provided by the induced map

F“Ep(a)+q(A)

Ty - E;x{,q —
Fs(uc,l)Ep(a)+q(A)
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yielded by the inclusion
i (ker 57) € Fy(q BY®H9(4).
Now, let f € 7% and g€ Zfo’j . Then

Tt (foo (oo (f) @ 110(8)))

(e (f ® &)

7 (f ® §) + Fugup1) EPWTPBITHI(A)
(

7Th(f) ® 7T4(g) + Fugopn) EP @ TPAIHITI(A)

= (T (f) + Fy(o) BP PO (A)) (70,(g) + Fop ) PO TPIPHH (4))

= (e (f)) @ 71 (1100(8)),
as desired.
O]
Write
D;{l,ﬂl e Z E?l/ilfp(lxl) ® L. ® E?Z/izfp(’xz).
Nyl =0
i1+ +i;=q—p(a)
it:1 or it:2

These lemmas are exercises in unraveling notation:

Lemma VI1.4.9. The algebra grt A is IC if and only if the map DY"" — E{"" induced by

U1 is surjective.

Lemma VI.4.10. The algebra A is KC if the map Doy — Eoo! induced by pies is

surjective.
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We can now prove Theorem [V1.3.11}, which we restate:

Theorem VI.4.11. Suppose there exists an essential Grobner basis for I = ker 7. If

grf A is KCy, then A is also Ks.

Proof. Set
G — Z Z;xlfirp(vc) Q- ® Zﬁcz,iz*p(az)'
Wl =0
i+ +iz=q—p(a)
i[=1 or it:2

&4\ g . a,q aq. .
s Hror — LMr . x 4 ro
(So, 1;(G;"") = D;"".) By Lemma we can view G, C Z,""; the diagram

G;‘f‘r‘k—> Z"f‘rq

o

Hr
forﬂ] T Ef,q

commutes.
Let x € Eq’. Then x = 770 (%) for some % € Zg' C Z7.
Note that there exists y € Gi‘ T such that y — ¥ € ker, because grf A is

JC,. Now since Ei‘i'l—i?(“i) _ Ei‘irl_P(“i) and E\i‘irz_ﬁ(“i) _ Ei‘izz_P(“i)

, we have
11 (G ") = 11(Ga7) and there exists § € Goo! such that  — & € ker 17;. But then
Hoo (Moo (7)) = Moo (%) = x, since §j — ¥ € kerny|z, C ker fco.

Thus,

Di‘gq — Ef;;q

is surjective.

VL5 Upper-Triangularity Condition for Having an Essential Grobner Basis

An alternate approach to proving that PBW algebras are Koszul is to

show they meet a special distributivity condition. Our goal is to generalize this



87

distributivity condition to algebras whose ideals of relations have essential
Grobner bases.

A triple (W, Wy, W3) of subspaces of a vector space W is called
distributive if (W; + W;) N W; = W; N Wy + W; N Wy for any i, j, k. Given
Wi, ..., W; subspaces of a vector space W, we may consider the sublattice of
subspaces of W generated by Wi, ..., W, by the operations of intersection and
summation. If every triple in that sublattice is distributive, we say that
{Wy,..., W;} is distributive.

We will deploy the following useful lemma:

Lemma V1.5.1 ([18, Proposition 1.7.1]). Let Wy, ..., W, be subspaces of some vector
space W. Then {W1, ..., W, } is distributive if and only if there exists a basis BB for W
such that B N W; is a basis of W; for each i.

Let R be the set of « € M which have this property:

If o =nand w(a) + Y cpm(B) = 0thencg # 0forsome f > a. (VLI)
aABEM,,

These are exactly the monomials that cannot be reduced modulo I to a sum of
lower monomials. For an essential generating set 3° with the leading monomial
property, let
L(B%) :={a € M:p#1(r) forany r € B°, for any subword p of a }.
Equivalently, £(B°) is the set of monomials not in T(V) ® span 7(B¢) ® T(V).
We will write £(B¢)y, := L(B°) N M.

This is a special case of [14, Proposition 2.2] and the proof is omitted:

Lemma VL.5.2. Let B° be an essential generating set for I with the leading monomial

property. Then L(B°) = R if and only if B¢ is an essential Grobner basis.
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Theorem VI1.5.3. Let B¢ be an essential basis for I := ker(7t : T(V) — A) with the

leading monomial property. The following are equivalent:
1. There exists a basis By, = {ya : & € My} for VO™ such that
(a) V¥ ® span B¢ ® V&I N By, is a basis of V' @ span BS ® V& for any
i,j, k such thati+ j+k =mand
() Yo =0 — Zﬁ<¢x q,B,ouB'
2. R = L(B°) (and hence B° is a Grobner basis).
Remark VI.5.4. The equivalence in the quadratic case Condition (2)) and
Condition (1) is [18, Proposition 4.5.1]. By Lemma Condition (I) implies
that for each m > 2, the set {V®' @ span B¢ @ V& 1 i+ j+k =m} of V¥ is
distributive. If A is a quadratic algebra and {V® @ span B5 @ V¥ i +j+2 = m}

is distributive for each m > 2, then A is Koszul [18 Theorem 2.4.1]; this yields

another proof that PBW algebras are Koszul.

Proof of Theorem|V1.5.3] Note that

In= Y, V¥ ®spanBf® V.
i+j+k=m

Suppose Condition (2) holds. Set for « € M,,

(
x ifo € Ly,

Yo :=qa' @rea” ifa & Lyanda’ € Ly is the largest element

such that a = &’ ® 7(r) ® &’ for some r € B°.
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Set Dy, := IN{y, : « € M}. Note that
V¥ @ span B{ @ V¥ = span{a’ @ r@a” : 2’ € M;, 0" € M, r € BL}.

Thus, I = span D,,. Also,

dorod =de () - Y, cppb| @a”
p<z(r)

=d'@1(r)@a" — Y eyt @R
p<(r)

We have | £,,(B°)| = dim A, = dim V®™" — dim I,,;, and so | D,,| = dim I,
Hence, the {y,} are linearly independent, and Condition (1) holds.
Now, suppose Condition (1) holds. Set

Y :=A{ya: 0 € My} \ Iy

and

Note that A, = span 77(Y},). Also, Dy, is a basis of I, implying that
Y, = dim A,, and hence 7t(Y},) is a basis of A,,. Furthermore, if y, € I, then

m(a) = Yp<a Cpa7(B), and hence yo & Ry. Thus,
R C{a:ya € Y} = T(Ym)-

As t(R,) is a basis of A, as well, we have R, = T(Yy,).
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Now, suppose y, € I. Then

/ "
Ya = Z 0y i @ grit @ oy i
reBe,i

= ) 4,;®q, [ T(r)— ), zpB | @ay,
reBe,i p<T(r)
and 50 T(Ya) = &, ; ® T(r) ® &)/, for some r € B° and i.
So,a =1(ya) = a;; @ T(r) ®@a); € T(V) @span{t(r) : r € B} @ T(V),
and thus o« & L,,(B°).
Hence, L,,(B¢) C t(Yy) = Ry. So Condition (2) holds. O

VI.6 Anticommutative Analogues to Face Rings

In this section, use the results from Section to show some

anticommutative rings analogous to face rings are K. In particular, we prove:

Theorem VI.6.1. The algebra
/\]K(xll ey x?’l)
(xl . xn)

is /Cz.

Suppose X := {x1,...,x,} is a finite set and A is a simplicial complex on
X—that is, A is a subset of the power set 2% such that {x;} € Afor1 <i < nand

if Y € A, then 2¥ C A. We define an algebra

AN = N, xn) /(X x| <ip < -+ <l {x3,... %} D),
K

the anticommutative analogue of the face ring of A. (Face rings are studied in

detail in [20].)
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Definition VL6.2. If Y C X, Y & A, but2¥ \ {Y} C A, then we say Yis a

minimally missing face of A.

Theorem V1.6.3. Suppose A is a simplicial complex on X := {xq,...,x,}. Under the
order x1 < -+ < Xy, Ker 4[] has an essential Grobner basis if and only if every
minimally missing face Y := {x;,,...,x;, } C X (whereiy < iy < --- < iy,) satisfies

the following property:

IfugYandiy <u <ip, then (Y\ {x;})U{xu} & Aor (Y \{x;,})U{xu} &A.
(V1.2)

Proof. An essential generating set with the leading monomial property for
I:=ker(m:K(xy,...,x,) — A[A])

is B = {xjx; + xix;li < jU{af|i=1..n}U{x; ---x; |i1 <--- <
im and {x;,...,x;,} is a minimally missing face}.

If Y is a minimally missing face which fails (V1.2) for some u ¢ Y, then

xll Y xitxuxit+1 Y xm

is an essential relation of grf A for some ¢, meaning that B¢ is not a Grébner
basis.

On the other hand, suppose B¢ is not a Grobner basis. Then grf A has
some new essential relation r such that r # 7(x) for x € B°. Pick such r
minimally. Then

r=xj - X% mod (x;xj + x;x;)

for some minimally missing face Y = {x;,,...,x;,}. So Y fails (VL.2). N
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Proof of Theorem[V1.6.1] Let X := {x1,...,x,} and A = 2%\ {X}. Then by
Theorem [V1.6.3| ker(7 : K (xq,...,x,) — A[A]) has an essential Grobner basis.

So, applying [9, Theorem 5.3] to
grf A=K (x1,...,x,) /{x1- - xp,xxi 1 <i < j<ny,

we see that ng A is ICy, and hence A is ICs. O

Not every simplicial complex A on a set X has an ordering of X which

yields an essential Grobner basis for ker 744}

Example V1.6.4. Set X := {t,u,w,x,y,z} and

A — (2{u,x,y,z} U 2{t,u,x,z} U 2{u,w,x,z}> \ {{u, X, y/z},

{t,u,x,z},{uw,w,x,z},{x,y,z}, {t,u,z},{u,w, x}}.

Suppose we have an order < of X under which ker 77 44 has an essential
Grobner basis. Note that {x,y,z} is a minimally missing face, but
{u,x,y},{u,y,z},{u,x,z} € A. Soeither u < x,y,z or u > x,y, z. Without loss of
generality, u < x,y,z. Also, {t,u,z} is a minimally missing face, but
{u,x,z},{t,x,z},{t,u,x} € A. Soas u < x we have x > t,u, z. Finally, {1, w, x}
is a minimally missing face, but {u, x,z}, {u, w,z},{w, x,z} € A. However, as
x > z, we cannot have z > x, u, w. However, as u < z, we cannot have z < x, u, w

either.
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